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Abstract

This supplement contains ommitted proofs and auxiliary results.

1 Proof of Theorem 1

Proof of Theorem 1. Assume for contradiction that there exists an individually ra-
tional, obedient direct mechanism (p, ¢) such that there exists positive measure
(with respect to F) subsets of [0,1], S; and S, , where S, >g50 Sy in the strong set
order ! and essinfg, K(p) > esssup s, K(1). Consequently we can choose positive
measure (with respect to F) subsets S{ C §; and Sé C S, such that one of the
following conditions holds

Vigsf, Eq [7ts(a,1)p1(u)(a)] > sup E4 [7ts(a,1)p1 () (a)] (6=1)
1 Hes)
and
. dF(p) = /5’2 pdF(p)
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1Let Y and Y’ be subsets of R. Set Y’ dominates Y in the strong set order (Y’ >gs0 Y) if for any
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sup B4 [7r5(a,0)po(p)(a)] < inf E4 [75(a, 0)po(1)(a)] (6=0)

nes; HES,

and
1 —pdF(u) Z/,l—#dF(u)
Sl 52

Define the following push forward measure (interpreting F both as the CDF and
the corresponding measure)

Yo=1—u)sF and vy =usF

We can then define the conditional distributions for each set S’1 and Sé

'Yi _ 'YG(Sf N )
6 Ye(S!)

Note that as F is continuous, the measure ) is atomless. Thus by Theorem 2.5

in ? we get that there exists unique monotone mappings, T}, indexed by 6 and
i € {1,2} such that for all 6 and i # j we have the following

(T)# 7o =7

Depending on one of the exhaustive cases Equation =1 or Equation 6=0 , we
can define a new test p’ for some given ¢ > 0 by perturbing p, on sets S} and S} as
following

(1 —¢)po(u) +epo( T3H(p) ) meS

Po(H) = § (1 —e)pg(p) +eoo( Ty(n)) €S
po (1) otherwise

By the equality in the cases Equation 6=1 or Equation 6=0 and the proper-
ties of the mapping T}, we get that the above perturbed test p’ is obedient. In the
background, we can adjust the fee ¢ to maintain the sender’s indirect utility by
transferring payments between types whose gross surplus is affected by the per-
turbed test, this is feasible because of the equality constraints in cases Equation 6=
1 or Equation 6=0 . Hence, the perturbed test also corresponds to an individu-
ally rational mechanism. We can establish the contradiction by showing that the
perturbed allocation strictly improves the expression in Equation 3 Consider the



change in Equation 3 from the perturbation in either of the cases Equation 6= 1
or Equation 6=0

(| s(a,0)d [po(TB0) @) — o) @)] ) aP(r)

¢ sp f(u)
e[, S (| esta,0)d oo T @) ~ pu(@)] ) G

We proceed with the case Equation 6= 0 , the proof of the other case is analogous.
Dividing and multiplying the integrand of the above equation by 1 — y yields the
following

[ i, ws(0,0 4 o) @) — poli)(@)] ) o)

ve [ gt (@0 d [T )@ —pin @] ) drofn)

Dividing the above expression by 7((S7) % 70(S5)

| / (1—F(u) ( / ns(a,e)d[po<:r5(y))(a)—po(y)(a)]) drd ()

~ 0(Sh) W)
1 1— F(p) : ,
7 i (f, ms(ee a[pom )@ — po)a)] ) i)

As 19(S]) = 70(S5) > 0 and € > 0 the above expression is positive if and only if
the following holds

~ [ =i ([ mstan)d [po(T30)(0) ) @] ) v

51 1= V)f(,u
1—F(p)
+ L U@ d e e ) i >o
By Equation 0=0 wehavesup, g Ea [175(a,0)p0(i)(a)] < infy,eg; Ea [7ts(a,0)p0(p)(a)],

combining this with the fact that (1_F is decreasing, we get the following

T—p)f(p)



lower bound for the right-hand side of the equation above

= sup bl [ ([ (0,00 ol T300)0) = poG)(@)] ) )

wes]

o 1—FQ)
+ it o [ () sta.0) a[po(T00) @) - pol(@)] ) i)

By the definition of T} we get the following

= sup b ([ Balms (o, 0o(0) @) v = |, Ealms(a, O)po(i@)] drb()
Wesy 2 !

+ inf et ([ Ea lns(a,0puln)(@)] () [ Ea s O)m(0(@)] ()

The above is positive as by Equation 6= 0 we have sup, ¢ Ea [ts(a,0)po(p)(a)] <

: 1-F(/ : 1-F(
inf,cs; Ea [75(a,0)po(p)(a)] and as SUP regr % > infyeg %
A similar argument holds for Equation 6=1 after noting that 1};}2%) is decreasing. [

2 Obedience Constraint

2.1 Iso-elastic distributions

Proposition 4. If Assumption 1 holds then for any action a in A there exists a continuous
distribution H§ with support [fi(a), 1] such that Equation 17 holds with equality for all

u=>fia).

Proof. The iso-elastic distribution Hf is such that Equation 17 holds with equality
for all a’ > a. In particular, for all a’ > a the following holds

e+ v b ) = (1= tim HBG) ) % (o) + ()

Adding and subtracting |, ; wi(A(p)) + pas(a(p)) dHG(v) to the left-hand side yields



the following equality
1

xs(a()) |

(v ) dH() + [ aia0) + pas(a()) dHG ()
H H

= <1 - }}ITI}HS(V/)) x (wi(ar) +as(ar) ) (48)
Equivalently, we have the following ordinary differential equation

os(0(0) (0= ) AHG0) — ((000) + p(a0)) 5 [ 0= 0 dBE50)

H
= <1 — }l1/1'Tr11H8(‘u/)> x (wi(ar) +as(ar) )

Dividing both sides by — («;(a(p)) + pas(4(p))), which is positive by Assump-
tion 1, we recover

D) + 8000 () = 1(3) (1 ~lim H&(y’))

dﬂ W1l
Where .
Y(p) = [ max{o,v—p} dH(v)
and
_ as(@(p)) __ w(@Q)) +as(a(l))
0= =@t + @Gy T Twa0) + pelaG)
Using the integration factor
1
1) = exp (= [ o) av)
We can express the differential equation as
d .
7 (W) < 1(w) = g1 () 1(p) (1 = lim H ("))
H w1t
Integrating the expression on [y, 1] gives the following solution
P = (1 —Hm ) > [ @)1 Dy (49)
: w0 L ST ()



Differentiating and plugging in the initial condition %1/}( i) = —1 we can

p=f(a)
solve Equation 18 to obtain the following
0 v < fi(a)
_ Jv) 4
Hi(v)=41— ](ﬁ(”a)) fila) <v<1
1 v=1

For

) =10 +000) [ 100) P

The characteristic property of Hj is that it is supported on [ag, 1] (in other words
Equation 5 holds) and that the receiver is indifferent between all actions in [a, a1]
when marg,q B(- | a) = H§.
To show that Hfj(v) is a well-defined cumulative distribution function, we need to
verify that it is non-decreasing in v. By definition Hj(v) = 1 — % for fi(a) <
v < 1. Differentiating H},(v) with respect to v we get the following

d -1 4

—H(y) = — =
ov O(V) ](ﬁ(ﬂ))dl/](V)
To show that the above expression is positive by noting the following

100 = 2000+ (o00)) [ a1 T aw —giw) [ aa) e - g1 vigo(w

= (@) —w)) [ 5100 55 + ) - s wa

- (ws(@00) (@) — @) ghas (@) ) ;) ga (') ot
N (@:(@(1) + pas(a(u)))?
(2:(2(1)) + as(8(1))) (i (a(0)) + e (a(n))

(a;(@(p)) + pas(a(p)))?

The expression above is positive under Assumption 1. To see this, consider the
following inequalities



ZDé; . (—goﬂéi+ﬂéi 'g’oai)l-ﬁlgO

N

sub—homoger?(;)us = <0
and
L (@) + s (a(1))
d]/l 1 ]’l yd]/l S I’l

—af - (1=pflom) >0
1-Lipschitz { = >0

Thus, we have that | is increasing

d
%](V) >0

As J(1) = ¢1(1) = —1, and as ] is increasing we get that J(j1(a)) < 0 and thus
S Ha(v) > 0. O

By Equation 49 the mean of H|) is given by

C ) — (1t B« [ ey 1)
EH; = e) — (1~ m B3 (1)) < [ () 500

YRS I L ()
= i) + 5z /ﬁ(a)gl(v)l(ﬁ(a))dy
i a __ d 1 1 , M . EA )
= 8= 1+ 2 (7@ oo 0O maom™ )| 7@
_ O B S SR v
N ﬁ(a)gl( )I(ﬁ(a))d " da(a) T(a(a)) 2

As fi(a) is increasing in a, J(p) is increasing in p and g; < 0, we get that EHJ is
increasing in a.

A

2.2 Extended Family of Distributions

Additionally, we can define a family of distributions Hf with expectation ranging
in [f1(a), EH{| and such that the receiver is indifferent between all actions a’ for



which f1(a’) is in the support of HZ.

v < ji(a)
agy )X . fla) <v < p(x)
Hilv) = x+(1— x)Hg(”(x))(v) fx) <v<l1 (50)
1 v=1

Let x, = a:"(’a(?l()l))j;;)‘(séa()l)))_ = 2 (a )( ))as“l 7, which is in [0,1] by Assumption 1.

Then ji(x) = 1 for x > x, and ji(x) is the solution to the following equality when
x < x

a;(a) + (xﬁ(a) +(1— x)EHg(ﬁ(X))> as(a) =

(1 - x)(a(a(1)) — as(a(1) (1‘11/?}H( F ”(u')) (51)

The left-hand side above is decreasing in ji(x) as EH{ increases in u and the right-
hand side is non-decreasing in 7i(x) as lim, Hj(p') = 1+ TG@) ( M and as | is
non-decreasing. This implies that ji(x) is well defined.

2.3 Feasible Mean

Proof of Lemnma 2. Assume for contradiction that G is supported on [fi(a), 1], sat-
isfies Equation 21 and has a mean m > EHj. By Equation 21 we must have the
following

(1 —lim G(p')) (wi(8(1)) + as(4(1))) < aj(a) + mas(a)
Wil

By assumption m > EH] and as(a) < 0 thus we get

(1- Lnﬁ G(u'))(ai(a(1)) + as(a(1))) < aj(a) + as(a)EHj

As the obedience constraint holds with equality for Hf for all y in [fi(a), 1], we get
the following

ai(a) +as(a)EHy = (1 - LH%}HO(V ) (@i(a(1)) + as(a(1)))

8



Combining the two equations above yields

lim G(y") > lim H§ (4’

lim () lim o(m')
As EG > EHJj the CDF G can not be everywhere above Hj. By continuity of Hj
and right continuity of G we get that there exists some fi(a) < pp < 1 such that
limy,p, G(p') < Hi(po) < G(po) and Hj(pu) < G() for all p > po. Evaluating
the lender’s payoff from setting a rate d(}/) against the distribution G we get

ai(a(po)) (1 — lim G(p')) + as(a(po)) /[;40,1] vdG(v)

>

a;(a(po)) (1 — lim G(u')) +as(ﬁ(ﬂo))/ vdG(v) — (a;(a(po)) + poas(a(po))) (Ho(#o) — G(po))

[Ho1]

As Hj is (weakly) below G for all ¢ > o, we get that the above expression is
bounded below by the following
1
a;(a(po)) (1 — Hg (po)) + as(a (o)) /ﬂ vdHy(v)
0

By binding obedience constraint for Hjj, the above equals
ai(a) + as(a)EH)

Thus, if m > EHg, setting a rate d(p) yields greater payoff to the lender than
setting a rate a, hence contradicting Equation 21. O

3 Proofs for Appendix C

Proof of Lemma 3. Consider any q; for which there is an interval of types, [, /1]
such that max { (1_1”_)K(”) K(”)_p} < ¢1(¢) < min {1 M} Pick 6 > 0 such that

p 7 1-p 7 1=p
#— 1o > 25. We can improve the revenue by increasing g1 on [ji — 6, 7) by some
¢1 > 0 and by reducing g1 on [y, o + ) by €9 > 0 where

M1 —p—p(1-4))dF(p)
(= p—n(1- L)) dE()

9

€1 =¢



ensuring that the target mean, i.e. Equation 37 is maintained. This adjustment
doesn’t violate the constraint in Equation 26 as it weakly decreases the size of any
point mass at p without changing the target mean.

The revenue from the new allocation is greater than the old allocation if the fol-
lowing holds:

fig (O =p = (=B aFG) i w (1 By dF
s (1—17—#(1—%))011?(#) T fln(- %)dF(ﬂ)
S =pyarG Lt e (0= ) aF ()
s =p)dF(u) [ su (1= E)dF ()
3t dF (u ﬁ’o"” udF (1)
JEsdF(u) — [l udF(p)

The last inequality follows from our choice of 4.

(I-pw)K() K(p)—p

Now consider ¢ such that there are intervals I; < I, where g1 () = max { 1=

K(p)
7 1 P
similar to the above by slightly increasing g1 on I, while reducing g1 on I to keep
the mean constraint binding. Finally, note that this improvement introduces more
slack to Equation 26 . The revenue of this improvement is greater than the old
allocation if the following holds:

for y € I and q1(¢) = min {1 } for y € I;. We construct an improvement

This is implied by mf((12)) > 1. O

Proof of Lemma 4. Consider a feasible allocation with target mean m and mass size
x. Suppose there is a non-empty interval [E’ 1o) consiting of types u for which
q1(pn) = (1%)1;(;1) > 0. Then x > 0 and m < EH}. Consider a new allocation
which reduces K(y) slightly at all points in [p, pio) while keeping q; unchanged.

The new allocation increases the mean slightly (by Equation 25) to say m’ > m
and eliminates any mass point (Equation 6 will be slack). For m’ close enough to

10



m the new allocation is feasible for the relaxed problem with target mean m’ and
mass x = 0. That is, Equation 25 and Equation 26 are satisfied for m’ and x = 0
because EHZ;J > EHF.

By inspection of the objective in Equation 38 this is an improvement. Therefore a
solution to the relaxed problem must have K(y) = 0 for all u < pp. O

Proof of Lermma 5. We first show that any candidate solution can be weakly im-
proved by one that has qo(u) € {0,1} for all u € [f, 1]. If the candidate allocation
does not already have that property then we construct a new allocation g4’ such
that on ¢’ (1) = q(u) for u € [, 1]¢. On the interval [f, 7 + o) let g} (1) = qo(f),
on the interval [1 —e,1] let q4(1) = 1, and q{ (1) = qo(p) for u € [ +¢€9, 1 — 7).
Where

H+eo !
[ = waoln) — qol@dEG) = [ (1= w)(1 = qo(u))dE () = 0

[ 1-¢

Aslongas i+ ¢9 < 1 — ¢, the allocation ¢4’ is well-defined and has the same target
mean as q. Consider the difference in revenue between g and g':

14

e 1—F(p) - ! 1—F(p)
[ (1= ) ot = aoarg - [ (1= w2 ) - e

_ [rrel=F() . Lo E()
= [ ) ol — o)) — [ e = o) ()

When (11__15(;{()]4) is non-increasing the change in revenue is positive as

11— F(p) 1—F(1—¢) (!
/H1 W(l —qo(p))dF(u) < slf(l——el; /1_81(1 — u)(1 = qo(p))dF (u)

— [ e a - qaoaro < 2 [T 00 0G0 - (@G

Yo1-F(u) </”+£°1—P(ﬂ) -
= e ) (1 —qo(p))dF(p) < . ) (9o(p) — go(2))dF ()
The first implication follows from the choice of ¢y, ;. Thus any candidate alloca-
tion can be weakly improved by one for which there exists 3’ € [f, 1] such that
go(p) = 0on [f,u') and go(¢) = 1 on [p/, 1]. Note that the latter implies item 1 in

the statement of the Lemma in view of Equation 41.

11



In particular, by Equation 41, the improved allocation has go(y) = 1 for u €
[po, 1) and go(u) = 0 for u € [u1, 1'). Next we claim that any such allocation
for which y; is strictly between i and 3’ can be improved by one which satisfies
item 2 in the statement of the Lemma. In other words, one for which y; equals
either pg or p'.

Assume for contradiction that the g is such that yy < p; < . We construct a new
allocation g’ such that on ¢’ (i) = g(u) for u € [uo, #')*. On the interval [ug, u1) we

require q(#) = qo(it) — €o, on the interval [pq, u') we require g (1) = qo(i) + 1.
Where "

uo (L= H)dF ()

f M1 — u)dF(p)

For small enough ¢y > 0, the allocation 4’ is feasible with the same target mean as
g. We argue that under the condition of the proposition, this 4’ achieves a weakly
higher revenue. To see this, consider the difference in revenue between g and 4':

o 5o e 5

Similar to Proposition Proposition 1, when (11__;)(;81) is non-increasing the change

in revenue is positive as

Jias 0% 4F() _ Jio (1= WAF()
SIS () [ (1= w)dF(p)

4 Optimal Mean- Platform

Proposition 2 characterizes the structure of the optimal mechanism for the relaxed
problem. Using this structure, we can show that the optimal target mean for a
given price p is EHg .

Lemma 12. If % is non-increasing then the optimal mean in Equation 25 for a

solution to the relaxed problem with price p is m = EH).

12



Proof. Consider for contradiction that g is of one of the forms identified in Propo-
sition 2 but the corresponding target mean m < EH]).

Case I: Let g be of the first form

(0,0) if p<po

1- .
a0 = (P 501) i e fuow)
(1,1 otherwise

_T=

If 119 < p’ then we can construct a profitable deviation by choosing 6%, > 0 and
by perturbing the allocation to (0,0) on [po, o + 6*) and to (1,1) on [u' — 5, 1').
We can choose 8, 6* such that the new mean of the allocation is m’ < EHg and the
following holds

Mo+t p 1 — g W ( 4 1-#0)
P dF :/ 1- P JF
/;40 S p—— (1) y,_éﬂ Tp—— (1)

As % is non-increasing, this perturbation reduces the information rent and

increases the gross surplus.

If 4y = p’ then we can create a profitable perturbation by changing the allocation
to (1,0) on [y, 4’ + &) for small enough é > 0.

Case II: Let g be of the second form

(0,0) if u<ug
q(w) = (1,0) if p & [po, ')
(1,1) otherwise
If 119 = p', we can repeat the previous argument.

If 4o < p’ then we can construct a profitable deviation by choosing § > 0 and
by perturbing the allocation to (1,0) on [u/, i’ + 6*). This is feasible for a small
enough 6 as m < EH} < 1implies p/ < 1. O

5 Uniform Prior- Theorem 3

So far, we have characterized the qualitative structure of the optimal relaxed mech-
anism under some distributional constraints. In this section, we demonstrate the
power of our characterization by deriving the optimal primal mechanism for a

13



uniform prior. Consider F ~ Unif[0, 1], this satisfies all conditions of Proposi-
tion 2, thus the optimal solution to the relaxed problem can be expressed as one
of the mechanisms identified in the proposition. Moreover, by Lemma 12 it suf-
fices to consider Equation 25 where m = EH(’)J = p(1 — Inp). First, we look at the
mechanism of the form

(0,0) u <o
(q1(1), q0(1)) = ¢ (1,0)  p € [po, )
(L) pw>wu

The mean constraint binding with no point mass at p implies that the relaxed
problem can be written as

1 1
max/ (1—P)(2u—1)dﬂ—2P/ (1—p)dpu
Ho M Juo H
s.t.
0<uy<u<l1
1 EH? 1
dy = ——90 _ /1— d
/muﬂ |~ EH] ﬁ( p)dp

The objective can be rewritten as

14
/1(1—P)(2H—1)dﬂ 21? H/VV
H

0

1—_F
EH,

Note that ug = u*(p) := ( e ) is the pointwise maximizer of the objective. Let
p
0

pr = angmax {p € [0,1]| () 2 () b where 17) =1/

For p > pj, the point-wise optimal mechanism is feasible for the relaxed problem.
Moreover, the revenue is given by

"2 P 1 d
/W)[y< _E_Hg)_( —p)] p

14



The above is decreasing in p, the derivative of the revenue is

1 2u 1
e ;|
/u*(m p (1—In(p))2""

.. . 1-3In(p)—p(1—In(p))
This is negative as ) mp)E  L forall p € [0,1].

For p < pj, the point-wise optimal mechanism doesn’t satisfy the ex-post partici-
pation constraint. The ex-post participation fails for p < pj as u; < p*(p). Note
that the revenue decreases if g1 (y) increases for u < u*(p). Thus, if p < p; then
the optimal solution to the relaxed problem, restricted to mechanisms above, in-
volves thresholds o = 7. By the mean constraint, the threshold value yj is a root
of the following quadratic equation

p
_ 1-EH}

(1-7)?= W(l - )
0

This has a single interior solution, yp = § = ZEH(;)7 — 1, the revenue is thus given

by
' p
/ZEHg_l [2u ( - E—Hg> - (1= P)] dp

The above is negative if p; > p > pp := argmax {p € [0,1]

B> p( —lnp)},

thus the optimal thresholds are such that is if p € [po, p1] then yg = 1 = 2EH}; — 1
and if p < pg then pg = 1. Thus, to find the optimal mechanism in the first class
of mechanisms from the Proposition 2, we will maximize the following objective
with respect to p € [po, p1]-

R(p) = [ [2” ( —i> - <1—p>] dp =21~ EH]] [2EH] — (1+p)]

EH!—1 EH}

This function is concave in the domain and achieves an interior maximum. Un-
fortunately, the first order condition is a transcendental equation, so we rely on
numerical methods to calculate the optimum. The optimal revenue for the re-
laxed problem among this class of mechanisms is ~ 0.0646, which is achieved by
p =~ 0.4364, and po = 3 ~ 0.596.

15



Now we will describe the optimal mechanism for the second class of mechanisms
identified in Proposition 2;

(0,0) < Ho
(910, 90(m) = § (ASH01) € [wo, 1)
(1,1) H>TH

We only need to optimize over these mechanisms for price p < py, as for other
prices the mechanism discussed above maximizes the revenue point-wise. We
solve the following problem

A p(1— po) ! !
max yo(l—P)m(zﬂ—l)dﬂJr/y(1—P)(zﬂ—l)dﬂ—zp/m(l—ﬂ)dﬂ

s.t.

" p(1— po) ! EHy !
du + dy = / 1
wo! A= T S M T T ERE

The objective can be rewritten as
Fp(—po) p
2| 1- == | - (1=
/;40(1—19);40[”< gy )

From the obedience we can express i = h(j) := \/y% + M(l + o — 2EH])

(Ho—p)(1—EH)
For feasibility we require p < py < 7, thus feasibility can be restated as max{p, ZEHg —
1} < po. The optimization problem can be restated

M) p(1 — po) p ! p
/ﬂo (1= p)o [2;4 (1_W) ~i=) dy+/h(yo) [2y (1_E_H§> _<1_p)] o

0
max{p,ZEHg -1} <wup <1

s.t.

16



This is a well-defined two-variable unconstrained optimization on a compact set.
In particular, we can numerically derive the relevant features of the mechanism
at the optimum. The optimal revenue for the relaxed problem among this class
of mechanisms is ~ 0.0651, which is achieved by p* ~ 0.417, yp ~ 0.578, and
# ~ 0.629. Thus optimal relaxed mechanism with revenue-maximizing price p* is
given by

(0,0) 1 < 0578

(q1(1), 90(u)) = { (0.522,1) u € [0.578,0.629)
(1,1) 1> 0.629

The CDF for the receiver’s second-order beliefs for the above mechanism is given

by
0 u < 0.417

#
WL [JEOR00 (05005 + (1 —s))ds  p € [0.417,0.47)
marg, ) B(p | p = 0.417) =

W [Pe2(0.5225 + (1 —s))ds u € [0.47,0.629)
| [ (;).;567289(0.5225+(1S))’CIZS+_[0Pf629(S+(1S))dS] 4> 0,629
Where w = 09567289 0.522sds + f01.629 ds + f00567%9 s) ds. As the mechanism solves

the relaxed problem, marg, ) (- | p = 0.417) has the same expectation as HJ417.
We claim that H)*!7 = mps marg, ) B(- | p = 0.417), this follows from the fact that
the d15tr1but10ns have the same support and that marg, ) B(- | p = 0.417) crosses

HY*17 exactly once from below.

6 Proofs for Appendix D
Proof of Lemma 6. Let m € (fi(r), EH}] for r < #(1), the boundary case follow from
setting #X = 1 when m = 1 and setting uX = 0, ug = 1 when m = fi(r).

Consider any ¢ for which there is an interval of types in [p/, 4] C [0, po] such that

% <qi(p) < ”1(”)+P8¢)”0(7’) Pick 6 > 0 such that u” — y’ > 25. We can improve
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the revenue by increasing q; on (W’ —6,u") by some €1 > 0 and by reducing gq; on
[, 1’ +6) by eg > 0 where

S (= i (r) — w52 (r) ) dF ()
s (U= () = 5o (r) ) dF ()

ensuring that the target mean, i.e. Equation 45 is maintained. This is possible as
(1 — p)ur(r) — p="ug(r) is positive on [0, ig]. We can choose &y small enough
such that the adjustment doesn’t violate the constraint in Equation 29 as it weakly
decreases the size of any point mass at fI(r) without changing the target mean.

€1 =¢

The revenue from the new allocation is greater than the old allocation if the fol-
lowing holds:

i (a- wmo—u%%wundF f”” (12(r) + u(r m_ggdmm
f,/: 5 ((1 —pwua(r) — #1_7"1”0(7)) dF (u ot N <u1 +ug(r) = — %) dF (p)
fﬂ '+o < wuy (r) — ‘ul_Tmuo(r)) dF(u) y fyﬂ/’% udF (1)

‘51 5 ((1 ],[)ul(r) — ‘ul_Tmuo(l’)> dF(“I/l) B f;ﬁ:l,(g “leF(]/l)

R L I A

Jun—s w1 (r)dF (1) s WAF ()
S ar(y f”*édeun
s dE(u) [ s HAF(p)

The first implication follows as m > fi(r) implies that uy(r) + u(r)=2 — % >
up (r)

g (r)+ 550 ()

(1 —w)u1(r) — p="uy(r) > 0. The last inequality follows from our choice of 4.

0. The second implication holds as 1 < pp < which implies that

Now consider g; such that there are intervals I} < I C [0, ug] where g1(u) =

W foru € I and q1(p) = 51((’; )) for u € I. We construct an improve-
ment similar to the above by slightly increasing q; on I while reducing g1 on I; to
keep the mean constraint binding. Finally, note that this improvement introduces
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more slack to Equation 29. The revenue of this improvement is greater than the
old allocation if the following holds:

Jr, dF(n) - Ji, ndF(u)
S dE(u) = [y, ndF(p)

This is implied by ;E;((Ifl)) > 1.
We can repeat the above arguments to establish that q; can not be such that % <

g1(p) < min{l,%&‘)‘)(r)} for uyo < u < W&{uo(m Moreover, there are no

intervals I} < I, C {]/lo, WM} such that g1 (¢) = min {1, K(ng(f)o(r)} for
p€handqgi(p) = %’3 for p € Ip.

”ﬁ—(_rn)l. Assume for contradiction
u (r)+ 5 uo (1) o
K(p

that there is an interval of types in [u/, "] C [0, uo] such that oy < g1(p) <
min {1, %@tl)o(f)} Pick § > 0 such that y” — ' > 25. We can improve the rev-
enue by decreasing g1 on [y — 6, ") by some €1 > 0 and by increasing g1 on
(1,4’ + 8) by g9 > 0 where

S (0= (r) — w52 (r) ) dF ()
s (0= wn () = p5tuo(r) ) dF ()

Again, this adjustment can be made while maintaining Equation 45 and Equa-
tion 29.

To complete the proof consider y >

€1 =8

The revenue from the new allocation is greater than the old allocation if the fol-
lowing holds:

S5 (@ = () = p52uo(r) ) dF () N S e () o () 52

R
s () p () dEG e () () 1~ )

) S (@ = () — pel5tuo(r)) dE () - f;f;” wdF(y)

s (@ = () = pl5tuo(r) ) dEG) — [ pdF(p)
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"+6 "6
o D T mOEEG) g ke )

S s (dE () [ udF ()
/ 5 / 5
fir CAFG) i pdE )
;;/_(55”:‘(,”) B ;/_5 de(y)
uy(r)

g (1) + 5" o (1)
ul=my,(r) < 0. The last inequality follows from our choice of 4.

The second implication holds as y > which implies that (1 — p)u; (r) —

up (r)+ 52 ug(p)

such that g1 () = min {1,%&‘)‘)(7)} fory € L and g1 (p) = % foryel. O

Similarly, we can show that there are no intervals } < I, C {”1—(”, 1]

Proof of Lemma 7. Consider r < #(1) and target mean m € [fi(r), EHj]. In particu-
lar K(p) # uq(r) for all p.

Let /i be the largest type for which either ¢X(u) # 1 or ¢X (i) # 0. As EH}) < 1 for
r < #(1) it must be that i > uX.

If gK is such that K(y) # 0 on u € [0,uX) then m € (fi(r), EHj]. Moreover, by
monotonicity of K it must be that u* < uX. Where u* is the largest type for which
K(p) =0.

The allocation can be perturbed on an interval [ji — 8, ji) such that the new allo-

cation is (1,0) on [ff — 6, 7). Where ¢ > 0 is arbitrarily small. For small enough &
there exists 6,6* > 0 such that u* + 6* + < uK and the following holds

[ el ar o = /]f _n(=gf () aF(u)
and
[ wmin e+ 60 <UL a0 = [* - was o ar(

Thus, the allocation can be further perturbed on [u*, u* + 6 4+ 6*) by allocating
types in [p*, u* + 6*) to (0,0) and types in [u* + 6%, u* 4+ 6 + 6*) to

(i min {1+ 0S5 ).
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By construction, this perturbation preserves Equation 45, Equation 29 and Equa-
tion 48. Moreover, the revenue of the resulting perturbed allocation is greater
than the original allocation gX. The improvement in revenue follows from noting

) . 1-F(p) 1-F(u) . 1. o o i
:batlnon decreasing i and A= () implies the following inequalities respec
ively

[ ) = Ro) = 22 E 0] gl ey

> [ )~ o)~ 2B o)] 1 ) ap )
I

[ == R+ FHE )] a0 aF

i-d wf(p
R T ey LB Y K+ 5)
< [0 [l = Ro)+ = 0] min {1 e+ 09 FEZE ar
— [ [a=weno - R+ )] a0 ar o)
AR 1—F(p) _ o K(pu*+0%)
< [0 ) = R 2 | min {100 + 0 S0 kg
[

Proof of Lemnma 8. By Lemma 7 we can restrict attention to allocations with K(u) =
0on u < uK. Consider ¢X such that K(p) # 0 on [uX, po] and X < po. As u* < pg
we get that the gX corresponds to the relaxed problem with x > 0 and hence a
target mean m < EHj.

Let p* be the largest type for which K(y) = 0. By monotonicity of K we get that
u* < po. For small enough 6* > 0 we can perturb the allocation on (p*, u* + 6*]
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into the allocation (0,0). As types in (u*, u* + 6*] are indifferent between parti-
cepating or not, the perturbation does not affect the gross surplus and reduces the
information rent by flattening the slope K on (y*, u* + 6*]. But the perturbation
might violate Equation 28 and Equation 29 as the increase in mean from the per-
turbation might be above EH?, where x’ is the size of the point mass at fi(r) of the
perturbed allocation.

To restore these constraints, we further perturb the allocation by decreasing X (1)
by ¢ > 0 on [p* + 6, 19). The size of the mass point at fi(r) jumps from x to 0
discontinuously as ¢ > 0. The mean from the two perturbations increases contin-
uously in 6* and e. By combining the two perturbations Equation 28 and Equa-
tion 29 hold for m’ € [m, EH}] and x = 0.

But the combination of these might violate the monotonicity of the slope. To ad-
dress this, consider highest type ji(¢) > pg for which K(u) > K(po) + ug(r)e. By
monotonicity of K, ji(e) is increasing in ¢ and equal to yg at e = 0. On [po, ji(¢€)] the
allocation can be further perturbed by increasing g () and/or decreasing g5 (1)
where these changes increase the slope for type y from K(u) to K(po) + €. Note
that this perturbation also increases the mean continuously in e.

The combination of the three perturbations is feasible for the relaxed problem.
The first perturbation does not affect the gross surplus. The second and the third
perturbations increase the gross surplus. Moreover, ¢ and J* can be chosen such
that the increase in the information rent from the second and third perturbation is
offset by the decrease in information rent from the first perturbation. In particular,
the following inequality holds

1 — F(p)
—F——K(u)dF
/ﬂ ) K
Ko 1 F(u) o) 1-F(p)
> / ug(r)e——=—=dF(u) + K +e—K ———dF
w45 0( ) f(ﬂ) (V) " ( (.uO) (.u)) f(‘ll) (“l/l)
The existence of this revenue-increasing and feasible perturbed allocation shows

that gX is not the solution to the relaxed problem, which establishes the lemma.
[

Proof of Lemnma 9. If K changes in value on [}, 1), by monotonicity of K there exists
piin [j,1) and 6* > 0 such that K(3 + 0*) < K(j). In particular K(z) < K(u +
0*) < uq(r).
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This implies that for small enough ¢ > 0 the allocation resulting from perturbing

g¥ on [, 7+ %) by + <£, €u1(r)> for small enough € > 0 preserves the slope K,

ug(r)
Equation 14 and Equation 29.

This perturbation, however, increases the mean, and the new allocation can thus
violate Equation 28. To restore the target mean, the allocation can be further per-

turbed by increasing gX slightly for all types y in [ji,1). Let ¢ > 0 be the amount
of this increase, and satisfies the following condition

¢ [Fargo = [7T W - e ar

14

up (r)
g (r)+ 5" 0 ()
ily small by choice of * and ¢, and hence Equation 14 and Equation 29 hold. By
construction Equation 28 also holds. The first statement of the claim follows from
noting that the combination of the two perturbations increases the gross surplus

and decreases the rents.

The right hand side is positive as 7 > . The value of ¢ > 01is arbitrar-

To establish that K equals lim,;+3; K(p) or 1, we can then use our usual argument of
reducing the allocation gX on [y, 1o + 6) and increasing gX on an interval [1 — 4, 1]
for some 4,6 > 0 while preserving the mean constraint Equation 28. Like before,

1-F(p)

we can show that as i) non-increasing, this perturbation is revenue improving

as it reduces the information rent. 0

Proof of Lenma 10. From Lemma 7 and Lemma § it suffices to consider gX such that
K(pu) = 0 for all types in [0, o) Let 7 be the smallest type for which X (u) = 1. If
K(u) is not constant and equal to a; ! (pg)u1(r) — uo(r) in [po, 1) by Equation 14

we have K(%J(rrb)m(r) >

that pg + 0% < i — 0 and

EO”" " (M _ ar_l(yo)) dF(u) = /Zﬂ(l — a1 () dF(p)

0 uy(r)

119). Thus there exist arbitrarily small 6*, & > 0 such

The allocation can be perturbed by decreasing ¢X (1) to a; 1 (p0) on [po, po + 6*]

and by increasing ¢X (1) to 1 on [j — 6, ji). This preserves Equation 28, Equation 14
and Equation 29. The claim follows from noting that the perturbation weakly
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increases revenue as

[ i) = o)~ T E B ] (K0 o4u)) ) ar

po f(w) uy(r)
0% _
> [ ) - ro) = o] - g0 ar o
— [ [tntr) — Ry~ 2By | (KL ) ) e
> [0 i) = R = 22| (- k) drn)
0

Proof of Lemma 11. If K(u) € (K(p1), K(#)) on [p1, 1] we can construct a profitable
perturbation by decreasing & (1) by K@ (r)( 1) on [ — 0,7) and by increasing

a5 (u) by K —Kim) o (1, 11 + 6*). Where §,6* > 0 are such that iy +6* < — 9

ug(r)

and satisfy the following

i K(#) — K 4 K(p) = K(m)
1—p)——————=dF(u) = / (1—y)——————=4dF
/M1 == e A N () (1)
This perturbation preserves incentive compatibility and obedience and yields a
1-F(u) . . =

reater revenue as 1S non-increasing.
& =mYAm) &

7 Uniform Prior-Theorem 4

Proof of Theorem 4:  Let the borrower’s net payoff from rate r be given by iy(r) =
ug(r) — Ro. For F ~ Unif[0, 1] the conditions in Proposition 3 hold . The rating
agency’s payoff from allocation g and rate r can be expressed as

1 1
() = [ @u= (g () du—2 [ (1= p)iio(r)aon) d

Let Equation 45 hold for some m in [fi(r), EHj]. Substituting it in the above ex-
pression yields

1) = [ |en- D) -

—m

ﬁo(r)} q1(u) dp
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Asup(r) —Ro < Oforall r > 7(u) we get
1 1
(q) < [ @u=Din()ar () de < [, 2= 1)(7(0) d

2

The upper bound above is achieved by the following allocation

(0,0) ’

_:
N
N

(L1) p=>}
The corresponding marg, g f is

0 n<05

margn ) Blulr=17(0))=
2u—1 u=>05

Consider the distribution HS.(QOS) = Bernoulli(0.75). From Figure 2 we conclude
that marg, ) B(y | ¥ = #(0) ) crosses H(r)_(ZOS) once and from below, thus HS_(OS) > mps
marg, ) B [ = 7(0) ).

Finally, note that under Equation 31 the distribution Hggg satisfies the obedience
constraint Equation 21 for r = 7(0). O
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