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Abstract

We study efficient and consumer-surplus maximizing information poli-
cies in a bilateral trade setting where the buyer is initially privately imper-
fectly informed about his willingness to pay. We identify a canonical class of
demand functions that can be implemented by information disclosures that
are targeted based on the buyer’s initial private information. As an applica-
tion we show that providing more information to the buyer can lead to higher
market prices and a lower trade probability without affecting the consumer
or producer surplus.

Introduction

We revisit the information design problem in a single-item bilateral trade envi-
ronment where the private disclosures to the buyer can impact her willingness to
pay. The overall policy of such disclosures determine the demand faced by the
seller and shape prices, consumer surplus and profits. See for example Roesler
and Szentes (2017).

We analyze information design from an interim perspective. The buyer begins
with some initial, partial, private infomation about her value for the object. This
allows for disclosures that are targeted based on the buyer’s private information
but constrains the overall information policy to be no less informative than the ini-
tial, partially, informed buyer. We ask how market outcomes, like the probability
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of trade, prices, and welfare, are affected by interim information disclosures. In
particular, we study how the designer’s information policy can shape an interim
demand into a market demand which determines the price and welfare.

We characterize all possible consumer-producer surplus pairs for any given dis-
tribution of initial private information. A result central to our analysis is the iden-
tification of a new class of canonical demands that are sufficient to generate all
possible efficient consumer-producer surplus pairs. These demands resemble the
iso-elastic demands that play a key role in Roesler and Szentes (2017), but have
gaps and atoms resulting from the constraint imposed by the buyer’s initial pri-
vate information. We show that any efficient equilibrium demand can be trans-
formed into a demand in this family through some information policy without
affecting the welfare or price. Moreover, any equilibrium demand, not necessarily
efficient, can be transformed into a demand in this family with possibly greater
consumer surplus.

Roesler and Szentes (2017) characterize all possible equilibrium consumer-producer
surplus pairs in a framework in which the buyer is initially uninformed (or equiv-
alently the seller and buyer are initially symmetrically informed). They show that
consumer-surplus maximizing information policies are efficient and entail trade

with probability 1.

As trade always occurs in an efficient equilibrium, the total consumer-producer
surplus equals the buyer’s prior expectation of the item’s valuation, and the pro-
ducer surplus equals the price charged. As a result, in Roesler and Szentes (2017),
the market price completely determines the consumer-producer surplus pair for
any efficient outcome.

In our model, there could be many different corresponding market prices for any
given efficient equilibrium consumer-producer surplus pair. Trade can occur with
probability less than 1 for efficient outcomes due to the buyer’s initial private in-
formation, resulting in extra flexibility between equilibrium welfare and prices.
When the designer provides targeted information to buyers with an initial (in-
terim) expected valuation below the market price, by Bayes plausibility, there is a
positive probability that these buyers have a posterior expected valuation below
the market price and do not trade.

As an application we derive a comparative static relationship between prices and
information. Fixing some efficient consumer-producer surplus pair, as the buyer
becomes better informed prices necessarily increase. This highlights an impor-
tant friction involved with information provision in such environments; a more
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informed buyer makes a better purchase decision, but also faces higher prices.
Importantly, we show that more informed buyers can drive up prices without
affecting the welfare.

Finally, we provide a necessary condition for an outcome to be buyer optimal and
characterize the buyer optimal outcome with the highest price.

Model

We study a bilateral trade model with a buyer (he) and a monopolist seller (she).
The seller offers a single item, produced at no cost. The buyer’s underlying value
for the product is binary and represented by 6 € {0,1}. We normalize the seller’s
reservation value to 0, hence trade is efficient. The buyer has partial private infor-
mation about his valuation, represented by his prior belief u € [0, 1]. We refer to
the buyer’s private belief y as his type. The buyer’s type is his interim expected
valuation for the item.

There is a commonly known distribution F € A([0,1]) from which types are
drawn. The distribution F is the interim demand that the seller faces. The de-
signer announces an information policy, denoted by p(-) = (po(+), p1(+)), where
for each u

po(p) € A(M)

is the distribution over signals that the buyer observes conditional on the true
value of the object being 6. Here p(j) represents a statistical experiment about 6
whose realization is in some arbitrary set M and is only observed by the type u
buyer.

A type u buyer observes the realization of p(y) and updates his prior expected
valuation u to a posterior expected valuation v as per Bayes rule. As the buyer’s
expected valuation dictates his decision to trade, each experiment p(y) can be
identified with the distribution of posterior valuations it induces for type u buyer.
Let (1) € A([0,1]) represent this distribution of posterior expected valuations.
In particular, it is without loss to identify an information policy with a mapping
from types to a distribution of posterior expected valuations, represented by 7 :
[0,1] — A([0,1)).

In response to the announced information policy, the seller forms a posterior dis-
tribution (market demand) G over the buyer’s posterior expected valuation and
offers a price p to the buyer. For any given information policy with corresponding



1 the market demand G is such that for all v € [0, 1]

G(v) =Er[n(1)([0, v])].

In other words G(v) is the total probability under F and # that the buyer obtains
posterior expected valuation less than or equal to v.

The designer can induce a distribution G using some information policy p(-) if
and only if G =pps F (see Elton and Hill (1992) theorem 4.1 for details). Where
G Zmps F holds whenever for every real valued continuous convex function ¢ we
have the following

1 1
| #)d6() = [ p(s)dF(s)

By Theorem 3.A.1 in Shaked and Shanthikumar (2007), the above is equivalent to
the following
p p
/ G(s)ds > / F(s)ds forall p € [0,1]
0 0
where the above holds with equality at p = 1.

We will refer to such a distribution G as a feasible distribution (or feasible demand).
We will work with the induced market demand G instead of the underlying infor-
mation policy.

Feasible Demands

As pointed out in the previous section, given a prior F, the set of feasible seller’s
beliefs about the distribution of buyer’s valuations (type) is given by

G(F):={G:[0,1] = [0,1] | G =pps F, Gisacdf }

In our interim setting, the buyer has initial private information and the designer
can provide information about the value 8 type-by-type. For each buyer type y,
there corresponds a distribution of a posterior expected valuations 7 () resulting
from the information provided by the designer. The market demand faced by the
seller is the average across types p of these type-contingent posterior valuations.

By contrast, when the buyer and seller are initially symmetrically uninformed as
in Roesler and Szentes (2017), the set of feasible market demands is given by

Gui(F) :=={G:[0,1] = [0,1] | F =ups G, Gisacdf }



Here is a way to understand the difference. In both models F is the seller’s prior
distribution over the buyer’s valuation. In Roesler and Szentes (2017) the buyer
begins with no information so F is also the buyer’s prior distribution over her
own valuations and therefore with probability 1 her interim willingness to pay is
EF. And in Roesler and Szentes (2017), the most the buyer could learn with full
information is the realization of F. Thus in Roesler and Szentes (2017), the set of
market demands is the set of mean-preserving contractions of F. By contrast in our
framework the buyer begins already knowing the realization of F and therefore its
realization represents the least the buyer could learn. The set of market demands
is the set of mean-preserving spreads of F.

We can visualize the difference between the two settings concisely using the in-
tegral of the cumulative distribution function (see Figure 1). In particular, for a
cumulative distribution function G we define the following function

Co(s) = [ Glu)dn

We will refer to such an integral as the information functional generated by the cor-
responding cumulative distribution function G. The following information func-
tionals are of particular interest

Cr(s) = [ Fdu, Cas) = [ Tpzerydn, Cals) =s(1-EF)

The above are information functionals for prior F, Dirac mass on EF, and a fully
informed buyer (Dirac mass on 0 and 1). The convex functions in the region be-
tween Cnj and Cpy constitute all possible information functionals generated by
some demand with expected valuation EF, as shown by Gentzkow and Kamenica
(2016). The functional Cr partitions this region into demands that are mean pre-
serving spread of F, given by G(F), and demands that are mean preserving con-
traction of F, given by Gy (F).

Equilibrium Outcomes

We will assume that the seller can dictate the terms of trade between the buyer and
seller. Thus, we require that buyer trades if and only if his posterior willingness
to pay weakly exceeds p.!

IFor the usual reasons we will break ties by assuming that the buyer purchases the good when
indifferent.



Figure 1: Feasible Demands

The seller is a monopolist and her profit-maximizing price against a market de-
mand G is
p € argmax,c(gq) $(1—G(s) +A(G,s))

Where A(G, s) represents the size of the atom at s for the distribution G.?

A(G,s) := lim G(x) — lim G(x)
xls x7Ts

An equilibrium profile comprises of the tuple (G, p) such that 1) G € G(F), 2)
p € argmax,cg | s(1—G(s) +A(G,s)).

Each equilibrium profile has its corresponding outcome (k, 7r) where « is the con-
sumer surplus and 7 is the producer surplus given by

K= /1(5 — p)dG(s)
p

m:=p(1—G(p) +A(G,p))
In particular, 7 < pand ¥ < EF — 7.

2We adopt this notation from Roesler and Szentes (2017).
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Efficient Demands

An equilibrium profile is efficient if it generates the maximum total surplus given
by x 4 7 = EF. As trade always generates a positive surplus, efficiency requires
inducing the maximum probability of trade subject to the constraint that the buyer
has no less information than he had initially. The following lemma characterizes
efficient demands that can be generated by information design.

Lemma 1. An equilibrium profile (G, p) is efficient if and only if supp(G)N(0,p) = 2.

Proof. Fix some equilibrium outcome (G, p). If supp(G) N (0, p) = @ then condi-
tional on 6 = 1 the trade happens with probability one. The sufficiency part of the
claim follows from the law of total expectation.

For necessity, consider supp(G) N (0,p) # &, then we can construct a new cdf.
The designer can provide additional information to all buyers with willingness
to pay in (0, p). For any type u € (0,p), the additional information induces a
posterior valuation 0 with probability 1 — &, a valuation p with probability (1 —
J)a, and valuation p + & with probability da. The mean preserving constraint then

requires & = P

The proof is complete if there exists ¢, > 0 such that the seller still finds it optimal
to set the price p. We have increased the mass of buyers with valuation p by
a(1—06) [; dG(s). The mass of buyers willing to buy at a price p1 € (p,p + ¢
is increased by aé fop dG(s). The producer surplus from charging a price above
p + e is unchanged. As G was an outcome, we only need to verify whether the
transformed demand creates incentives to price at some p; € (p, p + ¢€]. Under the
transformed demand, the seller’s payoff from charging price p is

p
T+ pa(l—9) / dG(s)
0
The seller’s payoff from charging a price p1 € (p, p + €| is bounded above by
p
T+ (p+ e)(x(S/ dG(s)
0

The profit maximizing price is p whenever p%s >e>0. O

Note that the construction in the proof of Lemma 1 strictly increases both the con-
sumer and producer surplus, thus an equilibrium profile is efficient if and only



if itis on the Pareto frontier. Thus, it is without loss to focus on efficient outcomes
if one is interested in determining producer or consumer optimal equilibrium out-
comes.

In general, many different market demands G can be feasible and lead to the same
equilibrium price and outcome. These demands could be incomparable with re-
spect to the convex order. We will focus on the following efficient demands de-
termined by a market price p, a producer surplus 7, and an expected valuation
m.

1—% s<p

T g
Hi(s;m) = { - Mo 5= F

1-Z 1>s>t(p, m,m)

1 s=1

Where t(p, 7t, m) is implicitly defined as the solution to the following whenever it
exists °

L 1 1
7r+/t gds+p7t{;—¥}—m (1)

Whenever m = EF we will drop m from the notation and just write H;’ and

t(p, 7). Note for later that the consumer surplus x from any implementable H} is
given by xk = EF — 7.

Define
H(F) :=={G € G(F) | 3m psuchthat G = H;}

These demands are iso-elastic (or unit elastic) on their support. For a given H €
H(F), the seller is indifferent between charging any positive price on the support
of H. We will show that the above set of demands is sufficient to generate all
possible efficient outcomes. Moreover, any efficient equilibrium demand can be
transformed into a demand from H (F) through some information policy without
affecting the welfare and price.

Lemma 2. If (G, p) is an efficient equilibrium profile with corresponding outcomes (x, 77)
then (H}, p) is an outcome equivalent equilibrium profile. Moreover Hjf =ps G.

3f p < 2=, then Equation 1 holds for no t < 1. In this case if 7 < m < 7(2— p) we let
t(p, ) := 1 and the distribution H}J is described by three mass points Hy (0) = 1 — %, A(HJ, 1) =

WX, and A(HJ, p) = 1 — A(HJ, 1) — HF(0).



0 p Hp, . ") T
Figure 2: H}f(s;m) when Equation 1 holds for t <1

Proof. First we show the claim for a profile (G, p) with producer surplus 7 such

that p < 2 — EE. Let G be a CDF such that A(G,1) = w, AG,p) =
f”ldcl(#, and G(0) = G(0). The CDF G is constructed by type-by-type garbling
all types y in the interval [p, 1] into posteriors supported on {p, 1}, thus G s G.
As p < 2 — EL it must be that A(G,1) < 7. and p = argmax | s(1—G(s) +
A(G,s)). In particular, (G, p) is an equilibrium profile with producer surplus 7.
Note that as (G, p) is an equilibrium profile it must be that 7 < EF, thus G = H] .

Let p > 2 — EE. As (G, p) is an equilibrium profile, we get that p € argmax, s(1 —
G(s) + A(G,s)). This implies that G(s) > 1 — Z forall s € [p,1] and A(G,1) < 7.
Thus the curve G lies weakly above the curve Hf( - ;7t(1 —Inp)). Where 7(1 —
In p) is the maximum possible expected valuation of a demand for which the profit
maximizing price is p and which delivers a producer surplus of 7. As (G, p) is an
outcome we get that EG = EF < 7m(1 —Inp). By assumption (2 — p)w < EF.
Thus there exists a unique t(p, ) € [p,1] which satisfies Equation 1 and H is
well defined.

As both G and HJ} are efficient demands for producer surplus 7t and price p we
get that G(0) = H;(0) = 1— 5- Since G(s) > 1—Zforalls € [p,1], we get



e t(;:,rn) > A(G, p) as otherwise G lies strictly above H}f on (p,1) which can
not happen as G and H have the same mean. Moreover, as G lies weakly above
HJ on the interval [t(p, 77), 1], Equation 1 (mean is preserves) along with G(0) =
HJ(0) further imply that there exists p1 € (p, t(p, 7)) such that G(s) < Hf(s) for
s € [p,p1) and G(s) > Hf(s) for s € [p1,t(p, 77)). In particular, we have shown G
crosses Hy once and from below.

The above, along with Equation 1 implies that H =ups G. As (G, p) is an equi-
librium profile we get that Hj' >=y,s F. By construction p € argmaxcp ] s(1—
HJ (s) +A(Hy,s)), thus (H, p) is an equilibrium profile. It induces the same pro-
ducer surplus 7, price p, probability of trade 1 — A(G,0) and consumer surplus
EF — 7. [

When the buyer and seller are initially uninformed as in Roesler and Szentes
(2017), an efficient outcome involves trade with probability one at a price below
the prior expected valuation. In particular, given an efficient outcome with price
p, the producer surplus is T = p and the consumer surplus is EF — p. Thus, the
outcome is determined by the equilibrium price.* In contrast to this, when the
buyer is initially privately informed, an efficient outcome is not completely de-
termined by the equilibrium price and the probability of trade might be bounded
away from 1. Moreover, multiple prices can support the same efficient outcome.
The decoupling of price and welfare is only possible because the buyer and the
seller are initially asymmetrically informed.

Fixing an outcome, how does the change in the amount of information affect the
equilibrium prices? The result below highlights comparative statics between the
amount of information provided to the buyer and the price level in equilibrium,
keeping the expected consumer and producer surplus fixed at some efficient level.
This might be relevant, say, for a policymaker who is concerned about some ex-
ogenous spill-over effect of high prices on the general economy, as well as con-
cerned about unnecessarily intervening.

Theorem 1. For any po < p1 and 7, if (Hy, po) and (Hy,, p1) are equilibrium profiles
then H{}l Z mps H;,%.

4Similarly, when the buyer and seller are symmetrically informed, the efficient outcome condi-
tional on buyer’s prior expected valuation y entails trade with probability one at a price p < p.
The total surplus conditional on buyer’s prior expected valuation y is # and the consumer surplus

isu—p.
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Figure 3: Single crossing between Hj, in black and Hy in red.

Proof. By definition to prove Hyj, =ups Hy it suffices to show that t(po, ) >
t(p1, ). By Equation 1 we get that

(1 L)+/1 T (Z_L>+/l T
PO t(po, ) S . p1 t(p1, ) t(p1,) S

Po - t(po, 7T)
N (E_ n__m, 7T )_( B )(1_ T >+/t(Po,n)7_rds
P\pe “tpo ) pr k) TP TP T ) ) T Sk s
— (7‘[ 7() n /t(PO/ﬂ) n—d ( ) (7-( T > +/t(p0,7‘() T p
— - —ds = (p1 — —_——_— —ds
Po\po ~ pi) TP i) PLEPY oy ™ Hpr ) Hpim) S
7T T s 7T t(po. ) /¢ T
S (LTI O o (L L +/ T Y ds
Po (pO pl) (pl pO) <p1 t(Pll 71')) ) (S POS2>
P1—po _ /t("’o'”) (1 1 )
o =  pyss | ds
t(p1, ) Hpr,m) \ S PO

As t(p1, ), t(po, 1) > po > 0 we get that the above equation holds only if t(pg, 77) >
t(p1, 7). (See Figure 3) O
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More informed buyers are less (more) likely to trade, conditional on the item hav-
ing value 6 = 0 (8 = 1). Thus, keeping the total surplus and the share of surplus
fixed, the seller sets a higher price p for more informed buyers.

Buyer Optimal

In this section, we determine the buyer optimal outcome. From Lemma 1, we
know that the buyer optimal outcome must be efficient. The following lemma
presents a sufficient condition under which the consumer surplus can be strictly
improved.

Proposition 1. Given some efficient equilibrium profile (G, p) with outcome (x, 1), if
p < 2— EL then there exist py < p and mtg < 7t such that Hp? =mps G and (Hp?, po)
is an equilibrium profile.

Proof. By the argument in Lemma 2, we can restrict attention to the distribu-
tion Hy. Define the following functions I1(s) := s(1 — H;(0)), and W(s) :=
A(Hp,1) + ’f—::A(H{}, p). Asp <2— E—; and (Hy, p) is an equilibrium profile we
get that W(p) < II(p) and W(0) > I1(0). Thus, by continuity and the intermedi-
ate value theorem, there is a price 0 < py < p such that IT(pg) = W(po).

Now define a CDF G such that G(0) = HF(0), A(G, po) = f:—;OA(H;},p), and
A(G,1) == A(HF,1) + ’f:pOA(H;},p). By construction G =mps Hy and (G, po) is

Po -
an equilibrium profile. The conclusion follows from noting that H, = G, with
7 := po(1 = G(0))) < p(1 - Hy(0)). =

The above lemma identifies a relationship between the market price p and the
equilibrium producer surplus 77 under which the designer can construct informa-
tion policies that lead to strictly better consumer surplus.

Lemma 3. For any efficient equilibrium profile (G, p) with outcome (k, 1) there exists
a unique py > p such that t(pr, ) = pr, H;,Tn =mps G, and (H;fn, pr) is an outcome
equivalent equilibrium profile.

Moreover, for any equilibrium profile (G, p) the pair (HJ} , pr) is also an equilibrium
profile with the same producer surplus and Hj = mps G.

Proof. By Lemma 2 we get that (HJJ, p) is an equilibrium profile such that H} s
G. If p < t(p, ), then consider some ¢ > 0 such that p + ¢ = f(p + ¢, 7). By The-
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Figure 4: Single crossing between H;; in black and and some generic equilibrium
demand G in red.

orem 1 we get that f(p, 1) > t(s, i) for all s > p whenever it is well defined, thus
an ¢ > 0 that satisfies the required equality exists. The uniqueness follows from
the fact that Equation 1 has a unique solution with ¢(p, 1) = p. In particular, this
solution is pr = exp (1 — E—HF) Finally, note that any price s > p, can not be sup-
ported by an efficient equilibrium profile with producer surplus 7 as Equation 1

can not be satisfied.

To prove the second statement, consider an equilibrium profile (G, p), not neces-
sarily efficient, with outcome (x, 77). As 7t is maximum producer surplus under
demand G we get that 1 — G(s) + A(G,s) < m/s for all s € [0.1]. In particu-
lar G(s) > 1 —Z forall s € [0.1]. As (x,7) is an equilibrium outcome, it must
be that 7 < EF. This implies that p; = exp (1 — E—;) € (0,1]. By construction
EH] = EF = EG, combining this with the definition of H; we get that G crosses
H{fn once and from below (See Figure 4). Thus H{fn Zmps G Zmps F completing
the proof. O

Let 77 := inf {7 [ 3 p such that (H}], p) is an equilibrium profile }, and let
Pt = pre
In particular by Lemma 3 and Equation 1 we get that p* = exp ( — 5—5) The
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producer surplus corresponding to the buyer’s optimal outcome is given by 7*
and is a solution to the following

X
. . 7'[' _ >
nér[})f,l} 7t subject to /0 (Hpn(s) F(s)> ds >0 forallx € [0,1]

Where

B | _EF
pr=exp|1——

Theorem 2. If an equilibrium profile (G, p) is consumer optimal then it is outcome equiv-
alent to (H;f:, p*) and H;f: =mps G.

Proof. By Lemma 3 we get that there exists some p; > p such that (Hy, p) is an
equilibrium profile and Hj| =ups G. As G is consumer optimal, it is also efficient
by Lemma 1. Thus, it must be that (G, p) generates producer surplus 7t*. Finally
by Theorem 1 and Lemma 3, it must be that p* = t(p*, r*) and H;E* =mps G. [

Example : Let F ~ Unif[0,1]. By Theorem 2 we get that the optimal consumer
surplus is given by

X
. . 7'[ _ >
ng[})f,l} 7t subject to /0 <Hpn (s) s) ds >0 forallx € [0,1]

After solving the above problem numerically, we get the consumer surplus maxi-
mizing level of 77 ~ 0.204.
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